Abstract. A strong convergence theorem for the common zero for a finite family of Generalized Lipschitz operators in a uniformly smooth Banach space is proved when atleast one of the operator is Generalized Φ-accretive, using a new iteration formula. Similar result for Generalized Lipschitz and Generalized Φ-pseudocontractive map is also proved. Our result extends the convergence results of Chidume [4] to a finite family improving many other results.
Introduction and Preliminaries
Hirano [5] studied the Mann iteration process introduced by Xu [11] , x n+1 = a n x n + b n v n + c n u n , ∀ v n ∈ Sx n , n ≥ 0, to prove the strong convergence of a multi-valued φ-strongly accretive operator with a bounded range in a uniformly smooth Banach space setting. This result itself is a generalization of many of the previous results (see [5] and the references therein). Recently, Chidume and Chidume [4] extended the work to a more general class of Generalized Lipschitz and Generalized Φ-quasi-accretive operator in the same space setting. Within the past 10 years or so, considerable research efforts have been devoted to developing iterative methods for approximating common fixed points (assuming existence) for families of several classes of nonlinear mappings et al. [3, 6, 10, 13] . Markov [8] showed that if a commutating family of bounded linear transformations T α , α ∈ ∆, (∆ an arbitrary index set) of a normed linear space E into itself leaves some nonempty compact convex subset K of E invariant, then the family has at least one common fixed point. Motivated by this result, De Marr [7] studied the problem of the existence of a common fixed point for a family of nonlinear maps.
In this paper, we introduce a new iteration process and prove that it converges strongly to a common zero for a finite family of generalized Lipschitz nonlinear mappings in a uniformly smooth Banach space if at least one member of the family is Generalized Φ-accretive. We also prove that a slight modification of the process converges to a common fixed point for a finite family of generalized Lipschitz pseudocontractive operators defined on E. Thus our result extends [4] to a finite family of generalized Lipschitz and generalized Φ-accretive operator, which itself is a generalization of many of the previous results.
Let E be a real Banach space with dual E * . The normalized duality mapping from E to 2 E * is defined by
where ., . denotes the duality pairing between the elements of E and E * .
The mapping A is said to be φ-strongly accretive if there is a strictly increasing function φ : [0, ∞) → [0, ∞) with φ(0) = 0 such that for any x, y ∈ E, there exists j(x − y) ∈ J(x − y) such that Ax − Ay, j(x − y) ≥ φ( x − y ) x − y and is said to be Generalized Φ-accretive [4] if there is a strictly increasing function Φ : [0, ∞) → [0, ∞) with Φ(0) = 0 such that for any x, y ∈ E, there exists
It is well known [4] that the class of generalized Φ-accretive mappings includes the class of φ-accretive strongly accretive operators as a special case (put Φ(s) = sφ(s) for all s ∈ [0, ∞)).
The mapping T is pseudocontractive if and only if (I − T ) is accretive and is generalized Φ-pseudocontractive if and only if (I − T ) is generalized Φ-accretive. Definition 1.3. A mapping A : E → E is said to be Lipschitz if there exists a constant
A natural generalization of the class of Lipschitz mappings is that of a generalized Lipschitz map.
A mapping
Clearly every Lipschitz map is a generalized Lipschitz map (see e.g. [4] ). Definition 1.4. Let E be a normed space with dim E ≥ 2. The modulus of smoothness of E is the function
The space E is called uniformly smooth if and only if
We shall need the following result. Lemma 1.5. ( [9] ) Let E be a real Banach space, then for all x, y ∈ E, there exists j(x+y) ∈ J(x + y) such that
2. Main Results Theorem 2.1. Let E be a uniformly smooth real Banach space and let
and α n L < 1. Let A 1 be generalized Φ-accretive operator and {x n } ∞ n=0 be the sequence generated for x 0 ∈ E by x n+1 = a n x n + b n S 1 y 1n + c n u n , y 1n = a n x n + b n S 2 y 2n . . .
where
∀x ∈ E and {u n } is an arbitrary bounded sequence in E. Then, there exists γ 0 ∈ R such that if b n + c n < γ 0 , ∀n ≥ 0, the sequence {x n } converges strongly to a common zero of the finite family
The uniqueness follows from the definition 1.1. We observe here that A i x * = 0 if and only if S i x * = x * (i = 1, 2 · · · m). Since A 1 is a generalized Lipschitz, generalized Φ-accretive mapping, so there exists a strictly increasing function Φ :
and
Let α n := b n + c n , so that ( 2.1) reduces to,
We first show that {x n } ∞ n=1 is bounded. For this, if x n 0 = S 1 x n 0 , ∀ n ≥ 1, then it clearly holds. So, let if possible, there exists a positive integer n 0 such that x n 0 = S 1 x n 0 , thus set x n 0 = x 0 and a 0 :
so that, on simplifying
Since j is uniformly continuous on bounded subsets of E, given
such that x − y < δ ⇒ j(x) − j(y) < , ∀ x, y ∈ B R (0), for some R > 0. LetN * := sup n u n − x * and define
Now, we claim that x n − x * ≤ 2Φ −1 (a 0 ), ∀ n ≥ 0. Clearly in view of ( 2.4), the claim holds for n = 0. We next assume that x n − x * ≤ 2Φ −1 (a 0 ), for some n and we shall prove that x n+1 − x * ≤ 2Φ −1 (a 0 ). Let if possible, this is not true, i.e. x n+1 − x * > 2Φ −1 (a 0 ).
Thus we have,
. . .
Thus since, x n − x * ≤ 2Φ −1 (a 0 ), so
Also we have the following relations, (i)
Thus from the recursion formula ( 2.3) and using the above relations, we have
). Here we observe that, since (x n+1 − x * ), (y 1n − x * ) ∈ B R (0), for R := 3Φ −1 (a 0 ) > 0 and also
Hence from ( 2.7),
which is a contradiction. Hence {x n } ∞ n=1 and thus {y in } ∞ n=1 is bounded. Since S 1 is a bounded operator, so {S 1 x n } and {S 1 y in } is also bounded.
Next here we claim that inf{ y 1n − x * , n ≥ 0} = 0. For this, let if possible, lim inf n→∞ y 1n − x * = 2δ > 0. Then there exists a positive integer N 1 such that
Again since,
and j is uniformly continuous on bounded subsets, so
, ∀n ≥ N 1 .
Hence for all n ≥ N 1 , we have,
c n But since ∞ j=1 c j < ∞, this implies that ∞ j=1 α j < ∞, a contradiction. Thus our claim is true. So there exists a subsequence {y 1n j − x * } of {y 1n − x * } such that lim j→∞ y 1n j − x * = 0 and thus from ( 2.3), lim j→∞ x n j − x * = 0. Hence for given 0 > 0, there exists a positive
Φ( 2 ). We next claim that
We prove it by induction. For this, we first prove that x n j +1 − x * < . If not, then ∃ n j 1 > n j 0 such that x n j +1 − x * ≥ . Thus,
Also,
which implies,
Thus using the recursion formula ( 2.3), we have
which is a contradiction. Hence the claim is true for m = 1. Let us assume that it holds for some m = k. Then following the above steps, we can easily show that it holds for m = k + 1. Hence the claim holds for all m ≥ 1. This implies that the sequence {x n } converges strongly to the common zero x * as n → ∞. ∞ n=1 c n < ∞, (iv) lim n→∞ (b n + c n ) = 0, (v) lim n→∞ c n = 0 and α n L < 1. Let T 1 be generalized Φ-accretive operator and {x n } ∞ n=0 be the sequence generated for x 0 ∈ E, by x n+1 = a n x n + b n T 1 y 1n + c n u n , y 1n = a n x n + b n T 2 y 2n . . . y (m−2)n = a n x n + b n T m−1 y (m−1)n y (m−1)n = a n x n + b n T m x n , m ≥ 2, n ≥ 1, (2.8)
where {u n } is an arbitrary bounded sequence in E. Then, the sequence {x n } converges strongly to a common fixed point of the finite family {T i } m i=1 . Proof. Since we know that a mapping T is generalized Φ-pseudocontractive if and only if (I − T ) is Φ-accretive. Thus the proof follows from Theorem 2.1, replacing S i by T i .
